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New robust � ight control laws are developed for a reusable launch vehicle. The wide range of � ight conditions,
and the impossibility to obtain wind-tunnel data for most of the � ight domain, requires using a robust control
technique. The use of linear-adaptivecontrol techniques to design the trajectory autopilotand to solve the inversion
problem is proposed. Subspace-stabilizationtechniques are used to design the inner loop of control, which controls
the vehicle attitude. The control is structured in two layers. The outer layer plays the role of an automatic pilot
offering two operational modes: a trajectory mode and an attitude mode. In the trajectory mode the � ight path
and ground track are controlled, and in the attitude mode the autopilot controls attitude angles. The commands
generated by the automatic pilot are inverted, by the use of a new and rather novel algorithm, to determine the
required pitching, rolling, and yawing rate commands, which are then tracked by the inner loop of control. The
inversion implements either bank-to-turn or skid-to-turn steering. The linear-adaptive methodology circumvents
the use of dif� cult nonlinear control techniques and attendant analysis uncertainties through the use of linear
disturbance accommodation observers to estimate and cancel the combined effects of nonlinear and/or uncertain
terms. Subspace-stabilizationtechniques are used to steer the system error state toa certain subspaceS representing
the described or speci� ed servotracking error behavior, while controlling the motion on the subspace S to the origin
in error space. Some numerical simulationresults are presented to demonstrate that the closed-loop response, with
the proposed � ight-control law, accurately tracks the prescribed � ight and ground track trajectories.

Introduction

M ULTIPLE-INPUT/MULTIPLE-OUTPUT aircraft and reus-
able launch vehicle (RLV) control problems have received

considerable attention in recent years. Conventional single-input/
single-output control design techniques have been used in the de-
sign of � rst generation � y-by-wire combat aircraft and several
transport aircraft. Those designs are based on piecewise lineariza-
tion of the plant and on a scheduling of control gains. Feedback
linearization1¡4 addresses the nonlinear nature of the problem. The
combined use of feedback linearization with linear H1 design has
been investigated5;6 where the H1 controller is used to improve the
robustness to model uncertainties.

Tournes and Shtessel7 and Tournes8 have investigated the appli-
cation of sliding mode control as a means of achievingboth stability
and performancerobustness.A discontinuousbang–bang-typecon-
trol is used to move the system’s state to the sliding surface and
rapid switching (chattering) of that control is used to keep it on the
surface thereafter. The smoothed sliding mode control9 approach
consists of replacing the discontinuous relay control by an ad hoc
linear saturation control law that is valid within a boundary layer of
the sliding surface.

Flight Control Problems
The inversionproblemin � ight controlconsists of calculatingthe

required inner-loop pitching, rolling, and yawing rate commands
from the multiple commands generated by an outer-loop autopilot
that controls the � ight-path angle ° and the ground track angle Â .
Those commands must to be transformed into commanded angle
of attack ®, sideslip angle ¯, and bank angle Á and then into pitch,
roll, and yaw rates q, p, and r . To accomplish the required inver-
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sion, Bugasjski and Enns10 propose using a matrix formulation and
the use of pseudoinverses.References 4–6 and 11 also propose us-
ing feedback linearization techniques. Tournes and Shtessel7 and
Tournes8 introduce the required nullity of the sideslip angle as an
additional relation, as well as special � lters that enforce desired
� ying qualities to provide the derivatives required for inverting the
dynamics.

Tournes and Johnson12¡14 have proposedan alternativetechnique
that tracks trajectory angles in the outer loop and calculates pre-
scribed pitching, yawing, and rolling rates to be tracked in the in-
ner loop, which achieves outer-loop commanded accelerations and
a zero value of the sideslip angle. An innovative linear-adaptive
controller is then used to compensate for small inversion errors ap-
pearing in the inversion of angle of attack, sideslip angle, and bank
angle. Such errors are caused by model uncertainties relating the
desired acceleration of the angle of attack and bank angle.

The proposednovelmethodfor accomplishinginversion,applica-
ble to both aircraft and to turn-to-bankRLV, uses on-line estimation
of residual uncertaintiesin the inversion model. Those residuals are
estimated in real time using disturbance observer15¡18 techniques
and are used to effectively compensate for residuals in the calcula-
tions of the inversion.

The dynamics of the � ight-path angle and of the ground track
angle can be described by the set of � rst-order differential equa-
tions (1) and (2). With reference to Fig. 1 for the corresponding
forces and moments, the two equations, describing the dynamics of
the trajectory in velocity axes, are6

P° D
cosÁ

m vel
FZ ¡

sin Á cos¯

m vel
FY ¡

cos °

vel
g C

TZ cos Á

m vel

C
TY sin Á cos ¯

m vel
(1)

PÂ D sin Á

cos ° m vel
FZ C cos Á cos¯

cos ° m vel
FY C sin Á

cos ° m vel
TZ

C cosÁ cos ¯

cos° m vel
TY (2)
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where the variables ° , Â , and Á represent, respectively, � ight-path,
ground track, and bank angles, and FZ , FY , TZ , and TY represent
lift force, side force, and the normal and transverse thrust. The
aircraft trajectory is determined by the combined effects of FZ ,
FY , TZ , and TY ; moreover, assuming that the additional condition
¯ ¼ 0, leading to FY C TY ¼ 0, is imposed, the � ight-path trajectory
is governed by .FZ C TZ / cosÁ, and the ground track is governed
by .FZ C TZ / sin Á. Thus, Eqs. (1) and (2) can be written as

P° D cosÁ.FZ C TZ /

m vel
¡

g cos °

vel
(3)

PÂ D sin Á.FZ C TZ /

m vel cos °
(4)

We will represent the prescribed � ight path and ground track
angles by ° ¤.t/ and Â ¤.t/, respectively,where the time dependency
is sometimes omitted to simplify notation. Thus, Eqs. (3) and (4)
can be represented in errors as

Pe° D P° ¤ ¡ cosÁ.FZ C TZ /

m vel
C

g cos °

vel
(5)

PeÂ D PÂ ¤ ¡
sin Á

m vel cos °
.FZ C TZ / (6)

where e° D ° ¤ ¡ ° and eÂ D Â ¤ ¡ Â . The total lift is represented
as the following sum of the contributions of the angle of attack ®,
the de� ection of pitch aerodynamic actuator (elevator, canard, or
elevon) ±m, and the pitch thrust vectoring 1m:

FZ C TZ D NqSref.Cz®® C Cz±m±m/ C T®® C T11m (7)

Fig. 1 Applied forces.

Fig. 2 Control architecture.

Combining Eqs. (3–7), one obtains

Pe° D P° ¤ C
g cos °

vel
¡

NqSref cosÁ

m vel
cz±m±m ¡ cos ÁT11m

m vel

¡
³

Nqcz® Sref

m vel
C

T

m vel

´
® cos Á (8)

PeÂ D PÂ ¤ ¡
NqSref sin Á

m vel cos °
cz±m±m ¡ sin ÁT11m

m vel cos °

¡
³

Nqcz® Sref

m vel cos °
C

T

m vel cos °

´
® sin Á (9)

The direct contributions of ±m and 1m to the � ight-path and
ground track motions in Eqs. (8) and (9) are small compared to
that of the angle of attack; the � ight-path and ground track motions
are, therefore, governed by ® cosÁ and ® sin Á. The aircraft control
problemcan, thus, be divided into the following three subproblems,
as represented by Fig. 2:

1) The autopilotouter-loopcontrol problemconsists of designing
u° D ®_ cos Á

_
and uÂ D ®_ sin Á

_
, that is, designing the prescribed

angle of attack and bank angles ®_ and Á
_ such that e° ! 0 and

e° ! 0 asymptotically.
2) The inversion control problem consists of designing the pre-

scribed attitude rates p¤, q¤, and r ¤, the prescribedrolling, pitching,
and yawing rates, respectively,such that ® ! ®_, Á ! Á

_, and ¯ ! 0
asymptotically.

This paper presents the application of linear-adaptive control
methodology15¡18 to solving the outer-loop autopilot and inversion
controlproblems,and subspace-stabilization techniquesfor the con-
trol of angular rates in the inner loop of control.

3) The inner-loop control problem consists of designing the de-
� ections of roll, pitch, and yaw actuators ±l, ±m, and ±n such that
actual rolling, pitching, and yawing rates asymptotically track the
prescribed attitude rates. That is, p ! p¤, q ! q¤, and r ! r¤.

This paper proposes using subspace-stabilization control tech-
niques to achieve the required robustness in the control of the atti-
tude rates.

Linear-Adaptive Autopilot
Examination of Eqs. (8) and (9) reveals several important points:
1) Equation (8) contains a nonlinear term.
2) The aerodynamic coef� cients cz® and cz± in Eqs. (8) and (9)

vary with � ight Mach number and are uncertain. Whereas relative
model errors of 5–10% are common for aircraft, the relative error
may reach 20–30% for RLV.

3) Measurementsof the angle of attack ® are not always easy, nor
are they necessarily accurate.

4) In principle, it is easy to measure accurately the de� ection
of each of the control surfaces; measuring accurately the control
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surface position, however, only solves part of the problem because
the lift forces created by the actuator are roughlyproportionalto the
sum of the actuator de� ection and the local angle of attack, which
may differ from the reference angle of attack due to downwash
aerodynamiceffects. In Eqs. (8) and (9), the effects of only a subset
of variables are known, whereas the effects of each of the other
variables are either too complicated or suf� ciently uncertain to be
taken into account in the design of the controller.

As pointed out in Ref. 15, the ultimate adaptive controller is
a universal controller that does not require a priori, quantitative
knowledgeof the plantmodel’s structure.Thus, an ultimateadaptive
controller for the plant described by Eqs. (3) and (4) would only
require the knowledge that the generic structure of the equation has
the form

P° D ¡.g=vel/ cos ° ¡ z° C b ¢ u° (10)

where the structural form of the function z° .¢/ may be imperfectly
known. This happens to be the case in � ight control because the
model in Eq. (8) is only an approximation of reality. In particular,
not only are the effects of the variables ±m and 1m imperfectly
represented, but also the effects of other variables are not included.
Given that each term and state variable of Eq. (8) can be written as
the sum of the true value of the term, and given the error made on
the modeling or the measurement of that term or variable, Eq. (8)
can be rewritten as follows:

Pe° D ¡
Nq Sref cos Á

mvel
[ Qcz®.® C Q®/ C .cz± C Qcz±/.±m C Q±m/ C cz® Q®]

¡
[ QT .® C Q®/ C T Q®] cos Á

m vel
¡ w C P° ¤ C

g

vel
cos ° ¡ b° u°

b° u° D
³

Nq Sref

m vel
C

T

m vel

´
® cosÁ

(11)

where .Q./ represent either model errors or measurement errors and
w is a disturbance representing the effects of all other variables not
included in the model. As shown in Ref. 15, what one really needs to
design an ideal universaladaptivecontroller is real-time knowledge
of the combined time effects of all of the terms on the right side of
Eq. (11), other than the terms bu° and P° ¤ C g cos° =vel. The latter
three terms represent, respectively, the effects of the control, the
derivative of the prescribed � ight-path angle, and the effects of a
nonlinear term.

Linear-Adaptive Controller Design Technique
Following the linear-adaptivecontrollerconcept, as introducedin

Refs. 15–17, the system � ight-pathand ground track response error
can be represented as

Pe° D P° ¤ C z° C
g

vel
cos ° ¡ b° u° ; b° D

NqSrefcz®

m vel
C

T

m vel
(12)

PeÂ D PÂ ¤ C zÂ ¡ bÂ uÂ ; bÂ D
1

cos °

³
Nq Srefcz®

m vel
C

T

m vel

´

(13)

where the dependencyof z° and zÂ on angleof attack,control terms,
andvelocityis omittedto simplifythe notations.One of thekey ideas
of linear-adaptivecontrol is to split the total control effort into three
terms u D unl C uh C ue . The � rst control term unl compensates for
the undesirable time-variation effects of known nonlinear terms,
the second term uh compensates for the combined time-variation
effects of all uncertain terms and the third term ue is a feedback
control designed to achieve the prescribed error response. Thus,

u°;nl D .1=b° /[ P° ¤ C .g=vel/ cos ° ]; u°;h D Oz° =b° (14)

uÂ;nl D .1=bÂ / PÂ¤; uÂ;h D OzÂ =bÂ (15)

Replacingu.¢/ D u.¢/;nl C u.¢/;h C u.¢/e and .¢/ D °; Â in Eqs. (12) and
(13), and provided that the real-time estimations Oz° and OzÂ of the
time variations of z° and zÂ are accurate enough, we obtain

Pe° D z° ¡ Oz° ¡ b° u°;e ¼ ¡b° u°;e (16)

PeÂ D zÂ ¡ OzÂ ¡ bÂ uÂ;e ¼ ¡bÂ uÂ;e (17)

The desired ideal dynamic behavior of the error response, e.¢/ D
.¢/¤ ¡ .¢/ and .¢/ D °; Â is embodied in the following ideal-model,
which is assumed to be speci� ed by the designer

Re.¢/ C ³1;.¢/ Pe.¢/ C ³0;.¢/e.¢/ D 0; .¢/ D °; Â (18)

With the introductionof an additional stateZ t

0

e.¢/ d¿

representing the time integral of the tracking error, the application
of this model to our � ight-path equation, which is a � rst-order dif-
ferential equation, leads to

Pe.¢/ C ³1;.¢/e.¢/ C ³0;.¢/

Z t

0

e.¢/ d¿ D 0; .¢/ D °; Â (19)

Combining Eqs. (16–19) we obtain the � nal design of the con-
troller. For the RLV application considered, the characteristic fre-
quencies $° and $Â of the prescribed � ight-path angle and ground
track response errors are chosen to be 0.2 and 0.04 rad/s, respec-
tively. The gains in Eqs. (18) and (19) are ³1;.¢/ D 1:4$.¢/ and ³0;.¢/ D
$ 2

.¢/.
Thus, the � nal idealized designsof the adaptive autopilot control

laws are

u° D ®_ cos Á
_ D b¡1

°

(
P° ¤ C z° C

g

vel
cos °

C 1:4$° e° C $ 2
°

Z t

0

e° d¿

)
(20)

uÂ D ®_ sin Á
_ D b¡1

Â

»
PÂ ¤ C zÂ C 1:4$Â e° C $ 2

Â

Z t

0

eÂ d¿

¼
(21)

Disturbance Accommodation Observer
The next step in our autopilot design procedure is to incorporate

a real-time disturbanceobserver, using the methods of disturbance-
accommodating-control (DAC) theory.15¡18 For this purpose, the
dynamics governing tracking errors can be written as follows

Pe° D z° C U° (22)

where
U° D P° ¤ C g cos ° =vel ¡ b° u° (23)

and

PeÂ D zÂ CUÂ (24)

UÂ D PÂ ¤ ¡ bÂ ¢ uÂ (25)

The design of the DAC disturbance observer to estimate z° and
zÂ follows the ideas presented in Refs. 15–18, where we will model
the time behavior of the quantities to be estimated by a generalized
spline model of the form

f [x.t/] D c1 f1.t/ C ¢ ¢ ¢ C cM fM .t/; i D 1; : : : ; M (26)

where the set of known or chosen functions f fi .t/g constitutes a
� nite basis set and the set of weighting constants fci g are unknown
and may vary in time in an unknown, stepwise-constant manner,
that is, jumps in the c j values are sparse in time. Here, the basis
functions fi .t/ will be chosen as f1 D 1, f2 D t , and f3 D t 2. In that
case, Eqs. (22) and (25) can be represented by the generic model

Py D z1 C U; Pz1 D z2 C ¾1.t/

Pz2 D z3 C ¾2.t/; Pz3 D ¾3.t/ (27)
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where z D .z1; : : : ; z3/T is the state of z.¢/ where .¢/ D °; Â , and the
¾i .t/ are time sparse sequences of totally unknown impulses that
mathematicallymodel the uncertain jumps in the c j in Eq. (26). Fi-
nally, the correspondingDAC-type disturbanceobserveralgorithms
for generatingreal-timeestimatesof the unknownstates z1.t/, z2.t/,
and z3.t/ and the correspondingreal-time tracking estimates Oe° and
OeÂ are obtained from Ref. 15, page 1219, by writing

OPe° D P° ¤ ¡ ®_ cos Á
_b° C g cos° =V C Oz1;° C k1.e° ¡ Oe° /

OPz1;° D Oz2;° C k2.e° ¡ Oe° /; OPz2;° D Oz3;° C k3.e° ¡ Oe° /

OPz3;° D k4.e° ¡ Oe° / (28)

OPeÂ D PÂ ¤ ¡ ®_ sin Á
_bÂ C Oz1;Â C k1.eÂ ¡ Oe1;Â /

OPz1;Â D Oz2;Â C k2.eÂ ¡ Oe1;Â /; OPz2;Â D Oz3;Â C k3.eÂ ¡ Oe1;Â /

OPz3;Â D k4.eÂ ¡ Oe1;Â / (29)

For our RLV application, the eigenvalues for the � ight-path ob-
servers will be chosen as ¸ j D ¡50 and j D 1; 4 and the cor-
responding gains are k1 D 200, k2 D 15,000, k3 D 500,000, and
k4 D 6,250,000. Choosing for the ground track observer an inte-
gral of time multiplied by absolute error (ITAE) type19 ramp-input
law with a characteristic frequency response of 50 rad/s, the gains
are k1 D 120, k2 D 12,325, k3 D 676,250, and k4 D 6,250,000. The
controls generated by the autopilot can, therefore, be written as the
following practical realization of the idealized adaptive controllers
in Eqs. (20) and (21)

PÃc D PÂ¤ C cos µc. P®_ sin Á
_ C ®_

POÁ_ cosÁ
_ ¡ P̄_ cosÁ

_ C ¯ sin Á PÁ/ C sin µc
Pµc.®

_ sin Á
_ ¡ ¯

_
cosÁ

_
/

cosµ 2
c C .®_ sinÁ

_ ¡ ¯
_

cosÁ
_
/

2
(37)

u° D ®_ cos Á
_ D b¡1

°

(
P° ¤ C Oz1;° C

g

vel
cos °

C 1:4$° e° C $ 2
°

Z t

0

e° d¿

)
(30)

uÂ D ®_ sin Á
_ D b¡1

Â

(
PÂ¤ C Oz1;Â C 1:4$Â e° C $ 2

Â

Z t

0

eÂ d¿

)

(31)

New Inversion Technique
Analytical Inversion

Let us assume, initially, that the following simplifying assump-
tions are valid:

1) The lift produced by aerodynamicand propulsiveeffects is di-
rectly proportionalto the coordinatedangle of attack ®_. This means
that theeffectsof actuatorde� ectionsfrom trimconditionsare essen-
tially zero. Although this assumption might be valid when averaged
over the entire � ight, it is not necessarily valid at each moment of
time.

2) The value of the coef� cient b° D . NqSrefcz® C T /=m vel is
knownperfectly.This we knowis notnecessarilythecase in practice.

3) The resultant force lies in the plane of symmetry of the aircraft
and the sideslip angle is regulated to zero. Should this not be the
case, the effects of a transversal lift proportional to ¯ sin Á would
add a term to the � ight-pathequationand the effects of a transversal
lift proportional to ¯ cosÁ would add a term to the ground track
equation.

The proposed analytical inversion procedure is as follows:
1) The angle of attack ®_ and bank angle Á

_
are calculated using

condition (2), that is,

Á
_ D tan¡1. OuÂ = Ou° / (32)

where when the skid-to-turn mode is chosen, Eq. (32) is replaced
by _

Á D 0. In both cases the corresponding angle of attack is given
by

®_ D Ou° cos Á
_ C OuÂ sin Á

_ (33)

2) Real-time observers are used to estimate P®_ and PÁ_. The corre-
sponding estimated variables are denoted by O_®, O_Á, OP_®, and OP_Á.

3) In the case of the turn-to-bankautopilot, the prescribed trajec-
toryanglesand theirderivativesand theestimatedangleof attackand
bank angle and their derivativesare used to calculate the prescribed
pitch and yaw Euler angles, µc and Ãc , which can be approximated
by

µc D ° ¤ C sin¡1.®_ cosÁ
_ C ¯

_
sin Á

_
/ (34)

Ãc D Â ¤ C tan¡1

³
®_ sin Á

_ ¡ _
¯ cos Á

cosµc

´
(35)

The third Euler angle is the bank angle already calculated.
Notwithstanding the prescribed value

_
¯ ´ 0 of the sideslip angle,

we keep _
¯ explicit in Eqs. (34) and (35) to cover extended cases

where a nonzero sideslip angle may be prescribed and to introduce
later the inversion error corrector scheme adopted.The time deriva-
tives of µc and Ãc are

Pµc D P° ¤ C
P®_ cosÁ

_ ¡ ®_ PÁ_ sin Á
_ C P̄_ sin Á

_ ¡ ¯
_

cos Á
_ PÁ_

[1 ¡ .®_ cosÁ
_ C ¯

_
sin Á

_
/2]0:5

(36)

4) In the case of the skid-to-turn autopilot, Á
_

and PÁ_ D 0 in
Eqs. (34–36) and

PÃ c D PÂ¤ C cos µc OuÂ (38)

Equations (34–38) include P®_ and PÁ_, the time derivatives of pre-
scribedangleof attackangle and prescribedbankangle.The method
used in Refs. 7 and 8 to calculate those quantities is to � lter ®_ and Á

_
.

That method permits one to introduce desired � ying qualities and
to calculate corresponding � rst derivatives of � ltered signals. The
selection of that � lter’s response characteristicfrequencymust seek
a compromise between a suf� ciently fast response and acceptable
noise levels. The characteristic frequencies of the angle of attack
and bank angle � lters were chosen to be 2 and 1 rad/s, respectively.
Assuming that O®_ and ¯

_

are small and that jµc j is smaller than 80 deg,
one can rewrite Eqs. (36–38) with the expressions for the estimated
states and obtain

Pµc D P° ¤ C PO®_ cos OÁ_ ¡ O®_ POÁ_ sin OÁ_ C P̄_ sin OÁ_ ¡ ¯
_

cos OÁ_ POÁ_ (39)

PÃ c D PÂ ¤ C
PO®_ sin OÁ_ C O®_ ¢ POÁ_ cos OÁ_ ¡ P̄_ cos OÁ_

cosµc

C
tan µc

cosµc
. O®_ sin OÁ_ ¡ ¯

_
cos OÁ_/ Pµc (40)

The inner loop of control tracks the roll rate, pitch rate, and yaw
rate commands

^
p,

^
q, and

^
r as generated by the inversion procedure

using the following equations
^
p D POÁ_ ¡ PÃ c sin Oµ_ (41)

^
q D PÃ c sin OÁ_ cos Oµ_ C Pµ c cos OÁ_ (42)

^
r D PÃ c cos OÁ_ cos Oµ_ ¡ Pµ c sin OÁ_ (43)

where
^
p,

^
q, and

^
r are theprescribedinner-looppro� les, if we assume

a perfect inversion. We will now show how to correct inversion
errors.



282 TOURNES AND JOHNSON

Correction of Inversion Errors
Calculation of the prescribed angle of attack ®_ and of the pre-

scribed bank angle Á
_

is based on the simplifying assumptions that
1) the lift is solely proportional to the prescribed angle of attack,
2) the correspondinglift gradient is exact, and 3) the resulting force
lies perfectly in the symmetry plane. Those assumptions are not
exactly satis� ed in practice. Because the relation between pitching,
rolling, and yawing rates and Euler angles is holonomic,their trans-
formation should not involve any error. Therefore, any errors that
appear in the inversion will be associatedwith the aerodynamican-
gles. Supposethe time evolutionsof the inversionerrorsare modeled
by the generic differential equation
2

4
± P®
± P̄
± PÁ

3

5 D F.±®; ±¯; ±Á; ®; Á; p; q; r; ° ; P° ; PÂ; ±m; ±n; ±l/ C B

2

4
±q

±r

±p

3

5

2

4
±®

±¯

±Á

3

5 D

2

4
®
_ ¡ ®

0 ¡ ¯

Á
_ ¡ Á

3

5 (44)

where [±q ±r ±p]T is an inversion correction term to be added
to the inner loop’s prescribed pitch, roll, and yaw rate pro� les, so
that the inner loop actually tracks [^

q C ±q;
^
r C ±r;

^
p C ±p]T . The

following differential equations will be used to model, in velocity
axis, the behavior of the angle of attack ®, the sideslip angle ¯ , and
the bank angle Á:

P® D q ¡ .p cos® C r sin ®/ tan ¯ ¡
cos Á

cos ¯
P° ¡

sin Á cos°

cos ¯
PÂ (45)

P̄ D p sin ® ¡ cos ® ¡ sin Á P° C cos Á cos ° PÂ (46)

PÁ D cos ®

cos ¯
p C sin®

cos ¯
r C tan ¯ cos Á P°

C [sin ° C tan ¯ sin Á cos° ] PÂ (47)

We do not need to derive the explicit expression for the vector F in
Eq. (44). Rather, it is only necessaryto derivethe matrixB represent-
ing the effects that corrections±q , ±q , and ±r have on the evolution
of the errors. Using Eqs. (45–47), we obtain, in the neighborhood
of the prescribed turn conditions,

2

4
± P®
± P̄
± PÁ

3

5 D F C B

2

4
±q

±r

±p

3

5

B D

2

4
1 0 0

0 ¡cos O®_ sin O®_

sin OÁ_ tan µc cos OÁ_ tan µc 1

3

5 (48)

For the representative RLV � ight pro� le used in our simulation,
with jÁj < ¼=2 and the combined value of ®.t/ and µ .t/, the matrix
B turns out to be always invertible. Designating by [Oz1® Oz1¯ Oz1Á ]T

the real-time estimation of the three-vector F in Eq. (44), the vec-
tor correction term [±q ±r ±p]T , which cancels the effects of F in
Eq. (44) and achievestheprescribedbehaviorof the inversionerrors,
is obtaining by solving Eq. (48) and is given by

2

4
±q

±r

±p

3

5 D B¡1

2

4
®cor

¯cor

Ácor

3

5

2

4
®cor

¯cor

Ácor

3

5 D ¡

2

4
Oz1;®

Oz1;¯

Oz1;Á

3

5 C

2

666666664

¡a1±® ¡ a0

Z t

0

±® d¿

¡b1±¯ ¡ b0

Z t

0

±¯ d¿

¡d1±Á ¡ d0

Z t

0

±Á d¿

3

777777775

(49)

Introduction of the Correction
Although, in principle, one could introduce the inversion error

corrections as additive terms to the prescribed pitch, roll, and yaw
rates as described, the drawback of that approach is that it would
introduce a discrepancy between the calculated and actual Euler
angles. In this subsection we will show that the same correction
can be achieved by substituting [ PO_® C ®cor

PO_¯ C ¯cor
PO_Á C Ácor]T for

[ PO_® PO_¯ PO_Á]T in Eqs. (39) and (40), where the correspondingobserver
states and the nullity of the prescribed sideslip angle are introduced
to replace the prescribed angle of attack and bank angle terms. We
will demonstrate that this latter formulation satis� es
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± Pµ c D ®cor cos OÁ_ ¡ O®_ ¢ Ácor sin OÁ_ C ¯cor sin OÁ_ (51)

± PÃ c D ®cor sin OÁ_ C O®_Ácor cos OÁ_ ¡ ¯cor cos OÁ_

cos µc

C tan µc

cos µc
. O®_ sin OÁ_/± Pµ c

(52)

This is demonstrated by combining Eqs. (41–43) and (51) and (52)
and assuming that O®_ tanµc is small (eitherbecause large pitch angles
imply that the angle of attack is small or because large angles of
attack are associatedwith relatively small pitch angles) and leads to
the result
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For small angles of attack we have D D B¡1, which establishes that
at the end of the settling time of the observers, which estimate the
time variations of the vector F, Eq. (48) can be written as
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In the RLV application considered here, the eigenvalues asso-
ciated with the error responses of the corrections of the angle of
attack, the sideslip angle, and the bank angle are chosen to be
¸Á;1=2 D ¸¯;1=2 ¡ 0:7 § i0:7 and ¸®;1=2 D ¡1:4 § i1:4. Consequently,
b0 D d0 D 1 and b1 D d1 D 1:4 and a0 D 4 and a1 D 2:8 in Eq. (54).

Rewriting Eqs. (41–43) with the new entries

[ PO_® C ®cor
PO_¯ C¯cor

PO_Á C Ácor]
T

leads to the following expressions for the correction controls:

p¤ D ^
p C ±½ D POÁ_ C Ácor ¡ . PÃ c C ± PÃ c/ sin Oµ_ (55)
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q¤ D ^
q C ±q D . PÃ c C ± PÃc/ sin OÁ_ cos Oµ_ C . Pµc C ± Pµ c/ cos OÁ_ (56)

r¤ D ^
r C ±r D . PÃ c C ± PÃ c/ cos OÁ_ cos Oµ_ ¡ . Pµc C ± Pµc/ sin OÁ_ (57)

where ± Pµ c and ± PÃ c are de� ned by Eqs. (51) and (52).

Real-Time Estimation of Uncertain Terms
in Inversion Error Dynamics

A set of DAC observers that estimate z.¢/ where .¢/ D ®; ¯; Á can
be derived using Eq. (48). For this purpose, the prescribed charac-
teristic equationcommon to all three observers is based on an ITAE
optimal characteristicpolynomial19 with a characteristic frequency
!.¢/ where .¢/ D ®; ¯; Á of 7 rad/s. The � nal forms of those three
observers are
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Note that Eqs. (48), (52), and (53) contain the term tan µ c . As
a consequence,Eq. (60) has a singularity for the value µc D §¼=2.
This type of dif� culty can be overcomeusingquaternions.However,
the inconvenience of such an approach is that it complicates even
more a formulation of the equations that is already rather compli-
cated. Because such singularity terms appear only in the correction
of the errors, the remedy we use here is to restrict applicationof the
inversioncorrection to those cases when the value of µc in Eqs. (48)
and (52) is smaller than 80 deg. This imposed limitation appears
during the � rst 60 s in the mission just after vertical launch, where
the bank angle is still zero, and, therefore, the need for correcting
bank error has not yet appeared.

Inner-Loop Control Design
The design of the inner loop of control utilizes the subspace-

stabilization technique.20;21 This control design techniqueprovides
the desired robustness in the inner loop that controls rolling, pitch-
ing, and yawing rates. It also serves to effectivelydecouple the con-
trol of each axis from the disturbing effects of the coupling terms
from the other axis. The design of each of the three channels is iden-
tical, so we shall illustrate it by considering only the pitching rate.
For this purpose, with linear-adaptive control ideas, the equation
that describes the pitching rate6 error response eq D .q¤ ¡ q/ can
be written as Peq D Pq¤ ¡ m[x.t/] C Mm1m , where q¤ represents the
prescribed pitching rate, m[x.t/] represents the combined effect of
all other terms in the error response other that the terms involving
the pitch thrust vectoring Mm1m , where the symbol Mm D @ Pq=@1m

and 1m represents thrust-vectoring de� ections. With the introduc-
tion of the disturbance z1;q , the pitching rate error response can be
written as

Peq D z1;q C Mm 1m; z1;q D Pq¤ ¡ m[x.t/] (61)

where the actuator response is represented by

P1m D ¡$1m C $uq (62)

A quadratic polynomial-spline waveform model, as used in
Eq. (28), was used to represent the time behavior of the uncer-
tain term z1;q in Eq. (62). A DAC disturbance observer was then
designed as discussed earlier and has the following form

POeq D Mm C Oz1;q C k1.eq ¡ Oeq/; POz1;q D Oz2;q C k2.eq ¡ Oeq /

POz2;q D Oz3;q C k3.eq ¡ Oeq /; POz3;q D k4.eq ¡ Oeq/ (63)

For our application, we chose the observer error eigenvalues asso-
ciated with Eq. (63) to be ¸i D ¡50, i D 1; : : : ; 4, which correspond
to k1 D 200, k2 D 15,000, k3 D 500,000, and k4 D 6,250,000.

The three state variables were chosen as the time integral of the
tracking error, the tracking error, and its � rst time derivative.Thus,
Eqs. (61) and (62) are written as
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where

x D fx1; x2; x3g D
»Z t

0

eq d¿; eq ; Peq

¼

eq D q¤ ¡ q , and $ represents the characteristic frequency of the
� rst-order response of the actuator.

Subspace Stabilization
The main control objectives required to effectivelyachieve a sat-

isfactoryerror responseare 1) prompt regulationof the system state
x.t/ to the prescribed value x.t/¤ generated by the aforementioned
� lters, that is, x.t/ ! x.t/¤ as t ! 1, and 2) as x.t/ approaches
x.t/¤ , maintain an acceptable error response in accordance with a
speci� ed ideal model differential equation such as

Re C ®1 Pe C ®0e D 0; e D .¢/¤ ¡ .¢/; .¢/ D q; p; r (65)

where .¢/¤ and .¢/ are, respectively, the prescribed and actual be-
haviors of the system outputs we want to control. The prescribed
values of ®1 and ®0 embody the desired automatic pilot settling
time, overshoot, damping, and other requirements. The subspace-
stabilizationcontrol technique introduced in Ref. 20 has opened up
the possibility of achieving signi� cant improvements in regulation
and servo-tracking control problems. Using that technique, we de-
sign the controller to obtain a prescribed error response according
to objective 2, which then guarantees the ful� llment of objective 1.
For that purpose, a subspaceof the system error space, representing
the desired behavior of the error time response, is de� ned, and the
control is then designed to stabilize e.t/ to that prescribed subspace
in error space.

Brief Summary of the Subspace-Stabilization
Control Technique20;21

Let En be the n-dimensional Euclidean space of coordinates
fx1; x2; : : : ; xng and let S ½ En be the p-dimensional subspace
spanned by a given set of p linearly independent vectors fm1, m2,
: : : , m pg.

The (linear) subspace-stabilization control problem is to � nd a
feedback control u D Kx such that all solutions x.t/ of the closed-
loop system Px D Ax C BKx asymptotically approach S as t ! 1
and such that all motions x.t/ 2 S satisfy prescribed boundedness
or stability conditions.For our application, the surface S represents
the desired time behaviorof the error state components in Eqs. (65)
and is de� ned for each controlchannel, by an expressionof the form

S.¢/ : [®0; ®1; 1]

2

4
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x3;.¢/

3

5 D 0; .¢/ D p; q; r (66)
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The essentialmathematical features of the subspace-stabilization
controlproblemand its solutionbecomeclear when viewed in a cer-
tain transformed coordinate system x ! .»1 , »2/

T where the norm
of the subvector »1 2 R1 constitutes a measure of the distance to
the subspace S and the subvector »2 2 R2 represents the motion of
the error state on the subspace S. The system model is transformed
from the original x coordinates to the » coordinates using a special
nonsingular transformation20 that projects the system state x into a
component C#»1 perpendicular (orthogonal) to the subspace S and
a component M»2 lying in the subspace S.

Because the given matrix M D fm1; m2; : : : ; mpg consists of p
linearly independent columns, Rank.M/ D p. Let C be any .n ¡
p/ £ n matrix having rank (n ¡ p), such that CM D 0. The transfor-
mation from the x system to the new » system is de� ned by20

x D [C# j M]

µ
»1

»2

¶
; » D

µ
»1

»2

¶
D

µ
C
M

#

¶
x

C# D CT .CT C/¡1; M# D .MT M/
¡1

MT (67)

We will consider the linear, state-feedback control law u D Kex
where Ke is to be designed to achieve prompt stabilization of x.t/
to the subspace S.

In the new » space the original state equation Px D Ax C Bu is
transformed to the block system

µ P»1

P»2

¶
D

µ
CAC# ¡ C PC# C CBKeC# CAM ¡ C PM C CBKeM

M#AC# ¡ M# PC# C M#BKeC# M#AM ¡ M# PM C M#BKeM

¶µ
»1

»2

¶
(68)

which can written compactly as

µ P»1

P»2

¶
D

"
NA11 C NB1

NK1
NA12 C NB1

NK2

NA21 C NB2
NK1

NA22 C NB2
NK2

# µ
»1
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¶
(69)

where

NA11 D CAC# ¡ C PC#; NB1 D CB; NA12 D CAM ¡ C PM

NA21 D M#AC# ¡ M# PC#; NA22 D M#AM ¡ M# PM#

NB2 D M#B; NK1 D KeC#; NK2 D KeM

and

Ke D NK1C C NK2M# (70)

As shown in Ref. 20, a matrix Ke solves the subspacestabilization
problem if, and only if, the following conditionson the matrices NK1

and NK2 in Eqs. (69) and (70) are met:
1) The matrix NK2 is designed to make the subspace S become

invariant for Eq. (69), that is, the state motion toward the subspace,
measuredby the coordinatevector»1.t/, is decoupledfrom the state
motion on the subspace S, as measured by »2.t/. This requires that
NK2 be such that the upper-rightblock of the closed-loopstate matrix
in Eqs. (68) and (69) becomes a zero matrix. It is also required
that the same NK2 be such that a satisfactory behavior of »2.t/ on
the subspace S is obtained.The latter behavior is representedby the
eigenvaluesof the matrix R D NA22 C NB2

NK2 as shown in the following
expression:

³ P»1

P»2

´
D

"
V 0

NA21 C NB2
NK1 R

# µ
»1

»2

¶
(71)

2) The matrix NK1 is designed such that the system state x.t/
promptly approaches S, that is, »1.t/ ! 0, within a speci� ed set-
tling time. In our case, due to the very simple structureof the matrix

A in Eq. (64), the applicationof conditions1 and 2, and the conver-
sion from NK1 and NK2 to Ke D NK1C C NK2M# leads to the following
control-law expressions for the three channels,

ue;.¢/ D
£
1=$M.¢/

¤©
¡Oz2;.¢/ ¡ $ Oz2;.¢/ ¡ ¹®0x1;.¢/ C .¡¹®1

¡ ®0/x2;.¢/ C .¡¹ ¡ ®1 C $/x3;.¢/
ª
; .¢/ D q; p; r (72)

where the � rst two terms of Eq. (72) compensate for the effects
of the disturbance term and the next three achieve the stabiliza-
tion to the subspace S. For our NASA WB001 application we will
choose the parameter values ®0 D 100, ®1 D 14, and ¹ D 100.

Reusable Launch Vehicle Simulation Model
This study used NASA’s (WB001) lifting body model22 as rep-

resentative of a generic RLV. The model consists of separate sub-
blocks, describing US76 atmosphere, the variation of mass, iner-
tia, and the position of the center of gravity. A constant speci� c
impulse is used to calculate the mass variation. The aerodynamic
block models aerodynamic forces and moments resulting from the
angle of attack and the sideslip angle. Attitude control is provided
by the coordinated de� ections of the seven nozzles associated with
the WB001. We assume that three of those nozzles are oriented
pitchwise to provide pitch moments, two of them are oriented yaw-
wise to provide the yaw moment, and, � nally, the differential pitch
de� ection of the remaining two nozzles provides roll moments.

A nonoptimum ascent pro� le to low circular orbit was designed
to use as much as possiblethe aerodynamiclift during the initial part
of the ascent. The orbit was attained, at 150 km of altitude,with 5%
of total fuel remaining. The automatic pilot tracks the pitch angle
pro� le until the velocity reaches 20 m/s. At this point the trajectory
automatic pilot is engaged. To avoid a discontinuity, the switching
is progressive with a blending of the two automatic pilot laws over
a 10-s interval. A front windshear disturbance dw represented by

dw D ¾w

V
exp

"
¡

³
h ¡ 12,000

4000

´2
#

; ¾w D 10 (73)

was introduced at the level of the tropopause. The windshear equa-
tion (73) produces a � ight-path disturbance having peak amplitude
of 1.6 deg.

The ground track automatic pilot is used as a bank-to-turn auto-
matic pilot during the initial and midsectionof the ascent trajectory.
The groundtrack turn-to-bankautomaticpilot cannotbe used before
the pitch angle µ becomes smaller than 80 deg and it cannot be used
for altitudesgreater than 35,000m where the degradedaerodynamic
lift results in insuf� cient control authority for lateral maneuvers. A
ground track skid-to-turn mode is used during the second half of
the ascent mode, with a long progressive blending transition of the
two modes. A ground track correction of 2 deg is also initiated at
time D 60 s.

RLV Simulation Results
The prescribed and actual � ight-path angles are shown in Fig. 3.

The � ight-path angle and ground track tracking errors are shown in
Fig. 4, with thecorrespondingdisturbance(73). These simulationre-
sults show an 80% cancellationof the � ight-pathangle disturbance.
The lesser performance of the ground track autopilot compared to
the � ight-path autopilot performance is due to a smaller control au-
thority. The � ight-path and ground track errors at the end of the
ascent are 0:5 £ 10¡3 and 0.02 deg, respectively.

The time variations of the angle of attack and the bank angle are
plotted in Fig. 5, which illustrates the relatively large variations of
those angles. The angle-of-attack, sideslip, and bank angle errors
are plotted in Fig. 6. These results show that the inversion errors are
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small, the largest error being an angle-of-attack error of 0.04 deg.
The performance of the inner loop of control attitude tracking is
illustrated in Fig. 7, which shows the prescribedand actual pitching
rates. The narrow maximum of 1:5 £ 10¡3 deg/s appearing at time
90 s corresponds to the controller’s correction of the effects of the
� ight-pathangle disturbance.The variationsof the pitching, rolling,
and yawing trackingerrors are shown in Fig. 8, which demonstrates
that tracking of the prescribed attitude rates is excellent. The varia-
tion of the pitching actuator de� ections, shown in Fig. 9, illustrates
the smooth behavior of the actuators using our controller.

Fig. 3 Performance of � ight-path automatic pilot.

Fig. 4 Autopilot performance in the presence of a disturbance.

Fig. 5 Inversion: aerodynamic angles.

Fig. 6 Inversion errors.

Fig. 7 Prescribed and actual pitching rates.

Fig. 8 Inner-loop tracking performance.

Fig. 9 De� ections of pitching actuator.

Conclusions
In this paper, a new form of � ight-path angle and ground track

autopilotwas designedusing linear-adaptivecontrol theory.The use
ofDAC disturbanceobserversto automaticallycompensatefor plant
and disturbanceuncertainties,as well as nonlinear effects, provides
an effectivedegreeof robustnessin thedesign.The calculationof the
prescribedpitch, roll, and yaw rates to be tracked in the inner loop is
basedon the condition¯ D 0. The designof the inner-loopcontroller
is based on the technique of subspace stabilization. Its robustness
is achieved through the control of the motion of tracking error to
a designer-chosen performance subspace S and the use of DAC
disturbanceobservers.The proposed design is simple and effective,
as demonstrated by the simulation results obtained.
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